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INTRODUCTION 
IF A4 and N are differentiable manifolds, a map f: N - M is called an immersion if the 
corresponding map& : T(N) + T(M) of the tangent spaces has maximal rank. A map which 
is injective and an immersion is called an embedding. In general it is difficult to decide 
when a homotopy class [f] of maps from N to M contains an immersion or an embedding. 
In this paper we consider the embedding and immersion problems when M is a complex 
projective space and N is a complex projective space of lower dimension or a subvariety 
of a complex projective space. 
Homotopy classes of maps of a space X with dim X < 2m into CP,--the complex 
projective space of complex dimension nr, are in l-l correspondence with the cohomology 
group H2(X; 2). Immersions and embeddings of the space X in euclidian space give rise 
to nulhomotopic immersions and embeddings in CP,,,. In that case compare Atiyah and 
Hirzebruch [4], Sanderson and Schwarzenberger [S] and Tomonaga [12]. 
The paper consists of two parts. In the first part we employ ordinary cohomology and 
the theory of characteristic classes [7] to prove non-existence of embeddings and immersions 
below the stable range of dimensions. For the case of analytic maps of CP, into CP, we 
obtain a complete solution: CP,, immerses in CP,, and does not immerse in CP2n_1 unless 
deg(f) = 1, i.e. the immersion is homotopic to the natural inclusion. Here deg(f) is the 
integer describing the homomorphismf* : H’(CP,,; 2) ---f H’(CP,; 2) induced by the map 
f : CP,, -+ CP,,. Also CP,, embeds in CP,, and embeds in CP2n-1 if and only if deg(f) = 1 
or deg(f) = 2, here f is the embedding. Examples of embeddings with degree 2 are con- 
structed for n = 1, 2, 3. 
In the second part of the paper we employ K-theory to obtain further results for 
immersions with even degree. This involves the spin representation of certain bundles-a 
nonstable operation on bundles. We obtain the following: 
THEOREM 8.3. Lfd = 0 mod 4, n odd, and there exists an immersion f : CP,, -+ CP,,, vlith 
deg(f) = d, then m 2 2n - u(n), Myhere u(n) is the number of l’s in the dyadic expansion of n. 
F. Hirzebruch and K. H. Mayer proved certain integrality properties for characteristic 
classes and obtained for projective embeddings and immersions of a rather general class of 
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manifolds N results which are similar to 8.3 (see a paper of K. H. Mayer to appear in 
Topology). I would like to thank my thesis advisor, Professor E. H. Spanier, for his help 
and encouragement in the preparation of this paper. I am also very grateful to Professor 
F. Hirzebruch for several very enlightening conversations. 
$1. Preliminaries 
PART1 
Let CP,,, denote the complex projective space-the space of lines through the origin 
in the space Cm” of m + 1 complex coordinates. H*(CP,,,; 2) is the truncated polynomial 
ring terminating in dimension 2m and generated by -ci(/&,,) where & is the complex line 
bundle whose total space is the collection of pairs (line through the origin, vector in that 
line). We shall denote the class -cr(p,,J E H’(CP,,,; 2) by y,,, and call it the distinguished 
generator of H*(CP,; Z). Recall also, that the total chern class of the tangent bundle of 
CP,, is equal to (1 + yJm+r (e.g. [7]). 
For any topological space X and any continuous map f : X-+ CP, let *[f] =f*(y,). 
This defines a map from the set [X, CP,] of homotopy classes of maps from X to CP,,, 
into H2(X; Z). The following lemma gives a homotopy classification of maps into CP,,,. 
LEMMA 1.1. If X is a CW-complex with dim X I 2m, then * : [X, CP,] -+ H2(X; Z) is 
a l-1 correspondence. 
Proof. This follows immediately from the fact that CP, is an Eilenberg-MacLane 
space of type K(Z, 2) and CP,,, is its 2m-th and 2m + 1-st skeleton. The inclusion map 
i : CP, c CP, induces the isomorphism 
i* : HZ(CP, ; Z) -+ @(CP,; Z) 
by i*(t) = y,, where z E H’(CP,; Z) is the “fundamental class”. Q.E.D. 
If X is the complex projective space CP,, with n < m, we get [CP,, CP,,,] ES Z. Since 
both H’(CP,,; Z) and H2(CP,,,; 2) are isomorphic to the integers and have distinguished 
generators, the homotopy class of a map f : CP,, --+ CP,,, can be completely characterized 
by the integer, which we shall call deg(f), such that f*y, = y,deg(f). Note that deg(f) is 
not the usual degree or order in algebraic geometry which is (deg(f))“. 
For given integers n and d we will be interested in finding the smallest integer m for 
which there exists an embedding or an immersion 
f : CP, --+ CP, with deg(f) = d. 
For any field F, let FP, be the corresponding projective space, whose points can be 
described as homogeneous (n + 1)-tuples (x,, x1, . . . , x,). For d > 0 one gets an embedding 
of “degree d” 
FP, + FP, 
by mapping (x0, x1, . . . , x,,) into (M,(d), M,(d), . . . , M,(d)) where M,(d), . . . , M,(d) are all 
possible distinct monomials of degree d in x0, x1, . . . , x,,. These embeddings are called 
Veronese or Segr e embeddings. 
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Letting F = C-the field of complex numbers, we get for every d > 0 an embedding 
f: CP,--, CP,. 
Choose M,(d) = xf for 0 < i I n; then, since the points 
(0, 0, . . . ) 0, 0, . . . ) 1, 0, . . . ) 0) 
n+1 
are not in the image of J; by a series of homotopies we deform f into a map f’, where 
f’(q), Xi, . . . ) x,) = (x”,, xj, . . . ) x8, 0, . . . ) 0). 
It is easy to see, by considering a carrying cycle 
g : (x,, x1,0, . . . ,O)‘(X&&O )...) 0) 
that deg(f) = deg(f’) = d. Therefore, we obtain the following well-known theorem: 
THEOREM 1.1. For any d > 0, CP,, can be embedded with degree d in CP, where 
N= n+d 
( 1 d 
- 1. Moreover, ,f can be chosen to be an analytic embedding. 
Note. For any f’: CP,, -+ CP,,, let Ji : CP,, -+ CP,,, be the composition CP,, 5 CP,,, ‘2 CP,,, 
where “-” is the map taking (x,, x1, . . . , x,) into (X0, X,, . . . , X,). This provides us with 
embeddings for negative degrees. Embeddings in Euclidian space are embeddings with 
degree 0. 
We can improve on Theorem 1.1 in the following way: 
THEOREM 1.2. For any d > 0 there exists an analytic embedding g : CP,, -+ CP,,,, and 
an analytic immersion h : CP,, -+ CP,, such that deg(g) = d = deg(h). 
Proof. Let f : CP,, -+ CP, (m > 2n + 1) be an analytic embedding with deg(f) = d (it 
exists for m = 
n+d 
( 1 d 
- 1). We seek a point x E CP,,, -f(CP,,), with the following 
properties : 
(a) No line through x intersectsJ(CPJ in two points. 
(b) No line through x is tangent tof(CP,). 
Since the set A’ of lines through pairs of points in f(CP,,) has (complex) dimension 
dim A’ = 2n, the set A of points on these lines has dimension dim A I 2n + 1. The set of 
lines tangent to a point of f(CP,) has dimension n - 1, so the set B’ of lines tangent to 
f(CP,) has dimension dim B’ = 2n - 1, and the set B of points on lines of B’ has dimension 
dimBI2n. Thusdim(AuB)<2n+l. Ifn7>2n+l wecanfindapointxECP,,,- 
(A u B). If tn > 211 we can find a point x E CP,, - B. The map f' : CP,, A CP,,, - {x} 
SCP,_, where p is the natural projection, is an embedding in the first case and an immer- 
sion in the second. Q.E.D. 
Before we go any further we shall prove the following useful fact about embeddings 
of orientable manifolds. We introduce the following terminology: For an embedding or 
an immersion f: N --+ M let v(f) be the normal bundle of N in M and let x(f) be the Euler 
class of v(f). Letf*: H*(N; Z) -+ H*(M; Z) be the Gysin homomorphism, which is defined 
to be the Poincare dual of the homomorphism induced byJ’on the homology groups. With 
this notation we have the following 
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THEOREM 1.3. If f : N” + M” is an embedding, where N” and M” are closed oriented 
manifolds, and n and m are the dimensions of N” and M” respectively, then x(f) = f*f*(l). 
ProoJ Here 1 E H*(N; 2) is the identity of that ring. Let T be a tubular neighborhood 
of N in M (in any riemannian metric), p its boundary, fi : N + T the map obtained from f 
by restriction of range, and let rl/ denote the Thorn isomorphism $ : Hq(N) G Hq+m-“(T, pi-). 
Consider the following diagram in which the unlabeled vertical maps are duality 
isomorphisms. 
H”-“(N; Z) 
7 
/ 
1’ 
/’ 
/’ 
ICI /’ i* 
H”(N; Z) - H”-“(7; $; Z) E H”-“(M, M - T; Z) - H”-“(M; Z) 
I I 
0 0 
f1* 
H,(N; Z) __f &AT; Z) 
, I 
Kl(M; Z) 
Since f Ttj(l) = x(f) the theorem will follow at once if the diagram is commutative. 
Commutativity of @ was established by Thorn in [lo], that of Q follows from standard 
naturality properties of Poincare duality (see e.g. Spanier [9]). Q.E.D. 
§2- 
for 
COROLLARY. If f : CP,, --+ CP,,, is an embedding of degree d then x(f) = dmyF-“. 
Proof. f*j*(l) =f*(d”yE-“) = d”yf-“. 
Complex analytic embeddings and immersions 
Maps discussed in this paragraph will always be complex analytic. We will write 2, 
the tangent bundle of CP,, all the cohomology groups will have integer coefficients. 
Using chern classes we obtain the following theorem: 
THEOREM 2.1. If f : CP,, -+ CP,, is an analytic immersion and m < 2n then deg( f) = 1. 
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Proof: Assume f : CP, --, CP,,, is an analytic immersion and let deg(,f) = d. We have 
the following bundle equation: 
v(f) 0 r,, =f!r,,,. 
Let x G H2(CP,); y E H’(CP,) be the distinguished generators, then we have the following 
equation in chern classes :
c(v(.f)) = {f*(l + y)‘““}(l + _X-@+‘) = (1 + dx)‘“+‘(l + x)-(“+I). 
If ~2 = 2n - 1, then 
but 
c,(v(f)) =~‘$‘i”)d~(-I)‘.‘(~;~;‘) 
so 
(212 - i)! i! n!(n - i)! n! 
c,(v(f’)) = ( - 1 )“x” [‘,:l) c (j’)(-d)’ = x”(;“)(d - I),,. 
Since v(f) is a vector bundle of complex dimension IZ - 1, we must have c,(v(j”)) = 0. 
Hence d= 1. Q.E.D. 
For analytic embeddings we have the following: 
THEOREM 2.2. A map f : CP, -+ CP,, is homotopic to aiz analytic embedding $and only 
if deg(f) = 1 or deg(f) = 2. 
Proqf. As in Theorem 2.1 we have: 
Y(f) @ T’, =f!Tz,, 
and c(v) = (I + dx)‘“+’ (1 + x)-(“+I) = (1 + x + (a’ - l)x)z”+‘(l + xj-(“+I’. 
We calculate now module (u’ - 1)2 and obtain: 
c(v) = ((1 + X)Z”+l + (1 + x)2”x(d - I)(211 + l))(l + x)-(“+l) mod (d - lj2 
C(V) 3 (1 + xj” + (1 + x)‘*-r x(d - 1)(2n + 1) mod (d - 1)2. 
The Euler characteristic x(v) of v(f) is equal to the top chern class en(v). On the other 
hand by the Corollary to Theorem 1.3 we have: x(v) = d”‘x”. 
Comparing the two values we get: 
d*” = 1 + (d - 1)(2n + I) mod (d - I)’ 
Since d2n+’ = 1 + (2~ + I)(d - 1) mod (d - 1)’ it follows 
tl- I -Omod(d- 1)’ 
which implies d - 1 equal to 0, I, or - 1. Thus d is equal to 1, 2, or 0. The case d = 0 can 
be directly excluded. 
This proves necessity of our condition. To prove its sufficiency for d = 2, we make a 
more detailed study of the sets A’ and A of Theorem 1.2. Let cp,,: CP, -+ CP, be the Veronese 
embedding with deg(cp,) = 2. The set A’ of pairs of distinct points in CP, is equal to 
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CP,, x CP, - A/Z, where A is the diagonal of CP,, x CP,, and Zz acts by reflection in the 
diagonal. Let E % A’ be the bundle whose total space is the collection of pairs (two distinct 
points of CP,, point on the line through these points). We have a map p: E + A, where A 
consists of points of CP, through which there passes a secant of CP,,. If for every point 
5 E A the set 7rop-‘(5) has complex dimension 1 then dim A 5 2n and the theorem would 
be proved. We prove the last assertion by induction on n. For n = 1, cpl : CP, + CP, and 
all but two lines through any point in CP, - (pl(CP,) are secants. Let r E A c CP,, then if 
x, y E (p,(CP,) are on a secant through 5, we can find a hyperplane CP,,_, c CP,, containing 
x and y. Since the restriction of (P,, to any hyperplane CP,,_, c CP,, yields the Veronese 
embedding (~“_i : CP,_, + CP, c CP, and r E CP, this completes theinduction. Q.E.D.t 
It is a routine calculation to check that for n = 1, 2 and 3 the following are embeddings: 
f-1 : (x0, Xl) - (X4% x:, x0-%> 
f2 : (x0, Xl> x2) - (xi% x:, x,2, x1(x0 + 4, -%(x0 + Xl)) 
_f3 : h, ~‘1, ~2, XJ + <xi, x:, x-z, x:, M,, M,, MS) 
where 
Ml = X0X1 + X1X2 + X2X3 
M2 = x1x2 + x2x0 + x0x3 
M, =x2x0 + x0x1 + x1x3. 
$3. Differentiable embeddings and immersions 
Recall that the total Pontriagin class of a complex projective space CP, is given by 
p(r.) = (1 + X2)n+l 
where x E H”(CP,,; Z) is the distinguished generator (see [7]). We employ the Pontriagin 
classes to get the following: 
THEOREM 3.1. rff: CP,, --f CPisI_I is an immersion then deg( f) = + 1. 
is the largest integer smaller than ;. Let f: CP, -+ CP,,,,_, be an 
immersion with degree d. Then we have the following bundle equation: 
v(f) 0 rn =J’!rn+k-r. 
Since there is no 2-torsion in H*(CP,) we have the following equation for the total 
Pontriagin classes :
and 
P(V>.P(?J =f*P(~“+k-l) 
P(V) =f*P(Z”+k-1)(P(t”))-l. 
t My original proof of necessity in Theorem 2.2 was more complicated. I owe the shorter version given 
here to A. Menalda and van de Ven. Originally I constructed the embeddings only for n =l, 2, 3. For the 
general case I followed a suggestion of van de Ven. 
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Using the fact that p(z,) = (1 + z2)m+1 where z is the generator of H*(CP,,,) we get: 
p(v) =f*(l + y2)“+k(l + x2)-(“+i) 
= (1 + &2)“+k(l + x2)-(n+l). 
Since v is a 2(k - 1)-plane bundle we must have pk(v) = 0. We get thus: 
but 
so 
0 = Pk(V) = x2k 
andwemusthavexZk=Oord= _tl. Q.E.D. 
Using the fact that for an even dimensional orientable bundle <2k, [x(5)12 = pk({), where 
~(5) is the Euler class, we obtain the following result: 
THEOREM 3.2. If f: CP,, -+ CP 3” 
hl 
with deg(f) = d is an embedding then d = f 1. 
Proof. Let f : CP, + CP,,, be an embedding. Then by the corollary to Theorem 1.3 
x(f) = dn+kxk, and pk(v) = d2n+2kx2k. On the other hand 
p(v) = (1 + d2x2)“+k+‘(l + x2)-(n+l). 
Calculating mod (d2 - 1)2 we have 
p(v) E ((1 + X2)n+k+1 + (1 + ~~)“+~x’(d’ - l)(n + k + l))(l + x2)-(“+l) mod (d2 - 1)2 
p(v) E (1 + x2)k + (1 + x2)k-1x2(d2 - l)(n + k + 1) mod (d2 - 1)2. 
Therefore 
d2n+2kX2k ~ 
(I +  (d2 - l)(n + k + 1))~~~ mod(d2 - 1>2. 
Since d2n+2kf 2 = 1 + (d2 - l)(n + k + 1) mod (d2 - 1)” we obtain for 2k I n 
d2 - 1 = 0 mod (d2 - 1)‘. 
Thus d2 - 1 equals 0, 1 or - 1 and d is equal to 1, - 1 or 0. The case d = 0 can be directly 
excluded. Q.E.D. 
$4. Submanifolds of a complex projective space CP,, 
For any cohomology class Ax E H2(CP,,; Z) with A E Z we have a corresponding sub- 
manifold V2n-2 of CP,,, of real dimension 2n - 2 (see Thorn [l 11). In [5] Hirzebruch com- 
putes the Pontriagin class of such a submanifold to be 
p(u) =j*{p(cu”)(l + A2x2)-i} 
where 
j: Lf2”-2+ CP, 
is the natural inclusion. In what follows we will need the fact that for I # 0 the rational 
cohomology H*(V2”-2; Q) contains the truncated polynomial ring Q[j*x]/(j*x>“. To see 
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this it suffices to check, that for no integer k # 0, k.j*(x”-‘) = 0. But k*j*(x”-‘)*[V2”-2] 
= /((x”-1.j,[V2n-2]) = k.(x”-’ .Ix[CP,,]) = k.A # 0. Working in Q[j*x], we can partially 
characterize the homotopy class of a map f: Vzne2 + CP, (m > n - 1) by an integer 
deg(f), where 
f*~,,, = deg(f)*j*(x) =j*(x*deg(f)). 
Letf: VZnp2 -+ CP,+,_, be an immersion with deg(S) equal to d. Then we have the 
following bundle equation : 
\:(j)@T(i',2"-2)=f'Tn+r-l 
which gives rise to the following equation in Pontriagin classes: 
or 
f*(l + y2)n+r = y(v(f))j*((l + x2)n+l(l + A2x2)-l} 
p(v(f)) = j*((l + d2x2)“+r(l + A2x2)(1 + x2)-@+ “1. 
We consider the expression in the brackets and calculate it mod (d’ - l)‘+’ regarding d as 
an indeterminate. Look at the coefficient of xzCr+r) which is a polynomial in d2 of degree 
r + 1 with highest coefficient (“,I:). Modulo (d2 - l)‘+’ this polynomial is the coefficient 
of x’(‘+r) in (1 + x2)-l(d2 - 1)’ x2’(1+A2x2) which is (d2 - 1)*(A2 - 1). 
Thus 
p,+,(v(f)) = j*x2(*+l) 
( 1 
F-J; (d2- l)'(& -1+ a) 
where 
a = + (22 - 1). 
‘* Since v(f) has dimension 2r, either d = + 1 or J x 2(r+1) = 0 which would imply that 
2(r + 1) r n, or 
d2=l-a=l+ +(l-A2)<l if A#O. 
So we must have d2 = 1 or d* = 0. To outrule the case d = 0 (i.e. (r + l)(A2 - 1) = n) we 
compute ~~+~(v(f)), and this directly is 
We must have ,j*.~‘(~+~) = 0 or n = (r + 2)(A2 - l), but this is impossible since n = 
(r + l)(A* - 1) from the previous calculation. The only possibility is then j*x*@+*) = 0. 
If j*_++ 1) # 0 we have 2(r + 1) < n I 2(r + 2) and the only possibility is n = 6, r = 1, 
A = +2. We have thus: 
THEOREM 4.1. If VZnm2 c CP, is a subvariety corresponding to the integer 1 # 0, then 
V2n-2 does not immerse in CPC3(n-1),2,-1 with degree d@Terent from t_ 1, except possibly if 
n = 6, A = +2 it may immerse with degree 0. 
To get some information for embeddings we note that if f: V2n-2 -+ CP,+,_l is an 
embedding with deg(f) = d, then the Euler class of the normal bundle of this embedding 
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is x(f) = Id “fr-lj*(xr), where A is the integer giving rise to VZn-* c CP,,. Calculating 
mod (d* - l)* we get: 
p(v(f)) =j*{[(l + x*)“+~ + (n + r)(l + x2)“+*-l(d* - I)x’](l + 1*x2)(1 + x*)-@+l)} 
mod (d* - l)* 
p(v(f)) -j*{(l + x2)‘-‘(1 +(n + r)(d* - 1)x* + x*)(1 + 1*x*)} mod (d* - l)*. 
Looking at the coefficient of x*~ we get 
p,(v(f)) = j*(x2r).A2[(n + r)(d* - 1) + 11 mod (d* - l)*. 
Since p,(v(f)) = I?2d2(“+r-1)j*(~2r) we have 
i2d2(n+r-1)j*(x2r) E i*[(rt + r)(d’ - 1) + l]j*(x*‘) mod (d* - 1)‘. 
Since d2(“+‘-1) s 1 + (n + r - l)(d* - 1) mod (d’ - l)* we obtain for 2r < n and I + 0 
d* - 1 = 0 mod (d* - 1)‘. 
Thus as before, d* - 1 equals 0, 1 or - 1 and d equals to I, - 1 or 0. The case d = 0 can be 
excluded by direct computation, except for the case n = 3 (see Tomonaga [12]). And SO 
we have 
THEOREM 4.2. No compact orientable submanifold V*“-* of CP,, corresponding to I # 0, 
n > 3 can be d@erentiably embedded in CPC3(n_1j,21 with degree d@erent from A 1. 
PART IL 
$5. The Grothendieck ring 
Treating immersions and embeddings of manifolds, it is only natural to resort to K- 
theory, the cohomology theory of real, or complex vector bundles. Following Atiyah [2] 
we shall define the Grothendieck rings /W(X) and KU(X) for a finite, connected CW- 
complex as universal solutions for mappings from the semigroups B(X) of isomorphism 
classes of real (complex) vector bundles into abelian groups. That is we have a group 
K(X) and a map 
8: B(X) + K(X) 
such that for any homomorphism cp of b(X) into an abelian group A, there exists a unique 
homomorphism +, making the following diagram commutative: 
K(X) is a cohomology theory with multiplication induced by tensor product of bundles. 
In view of this construction of K(X) it becomes evident that the theory is endowed with 
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natural cohomology operations coming from operations on bundles. The complexification 
of bundles provides a natural transformation between the two theories. 
The operations we will be concerned with are the exterior powers and “spinification”. 
For elements of 6(X) the exterior powers 2’ have the following formal properties (see [2]): 
(1) i”(x) = 1 
(2) n’(x) = x 
(3) /l’(x + y) = j$o nqx)-n’-j(JJ) 
(4) n’(x) = 0 for i > dim x. 
These operations extend to K(X) (see [2]). 
Define 
n,(x) = f 2(x)-t’, 
i=O 
where t is an indeterminate. In view of (l), (2), (3) and (4) we have: 
Ux + Y) = UX)&(Y). 
Since for a real vector space V, A’ V@ C is naturally isomorphic to ,I’( V 0 C) we have 
the following commutative diagram: 
1’ 
KO(X) A KC-)(X) 
KU(X) - KW-V 
where 8, denotes complexification. 
The dimension of a bundle gives a homomorphism Q(X) -+ 2 which extends to 
dim: K(X) + Z. The kernel of this homomorphism will be denoted by R(X). 
If a real vector bundle 5 has the property that ~~(5) + ~~(5) = 0, then it admits a spin 
representation A(5). A(4) is then a complex self-conjugate bundle, and representation 
theory (e.g. Milnor 
where 5, = 6,,(r) is 
[6]) provides us with the following relation: 
ukA(&A(Q= lo(L) + A’(L) + a.. + A’(L) = i,(L) 
the complexification of 5, k the dimension of c, and 
uk = 1 if k is even 
ak = 2 if k is odd. 
Following Atiyah [2] we shall call an element of K(X) positiue if it is in the image of 
9: b(X) -+ K(x). The trivial bundle of dimension n will be simply denoted by the integer n. 
For an element x E i?(X) the geometrical dimension of x, which we shall denote by g.dim x, 
is the least integer n, such that x + IZ is positive. 
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We now have the following criteria for positivity of a real vector bundle, which can 
be used when studying embeddings and immersions: 
If 5 is a real, k-dimensional vector bundle over X, then 
(I) A’(t) = 0 for i > k (in KO(X)) 
(2) A’(&‘,<) = 0 for i > k (in KU(X)) 
(3) If ~~(5) + ~~(5) = 0, then there exists a self-conjugate element z E KU(X) 
such that 
%Z2 = 4(4G)). 
$6. Applications to immersions 
Let N and M be compact differentiable manifolds of dimension II and n + k respectively. 
Let z(N) and z(M) denote their tangent bundles (and corresponding elements in KO(N) 
and KC)(M)). For any map f : N -+ A4 define an element v(f) in KO(N) by v(f) = 
f’z (M) - z(N). It follows that v(f) depends only on the homotopy class of J And so 
in order for a homotopy class [f] of maps from N to M contain an immersion, the element 
vO(f) = v(f) - k E KO(N) must have g.dim vO(f) I k. We thus have (see again Atiyah [2]) 
THEOREM 6.1. If [f] E [N, M] contains an immersion, then 
A.‘(v(f)) = 0 for i > k (in KO(N)). 
This is an analog of the corresponding result for the Stiefel-Whitney classes. 
Usually KU(X) is much easier to compute than KO(X). We may use then the weaker 
condition : 
THEOREM 6.2. If [f] E [N, M] contains an immersion, then 
I’(8,v(f)) = 0 for i > k (in KU(N)). 
Since the geometric dimension of any real vector bundle is I dim Xthe geometric dimension 
dim X 
of any complex vector bundle is I - . 
L I 2 
Thus we see that the construction, and the 
range of effectiveness of ;i’(E,(t)) is completely analogous to that of Pontriagin classes. 
Similarly we get the following: 
THEOREM 6.3. If [f] E [N, M] contains un immersion and if w,(v(f)) + w,(v<f)) = 0, 
then there is a self-conjugate element z E KU(N) such that 
a .zz = n,(s.v(f>). !. 
$7. Maps of complex projective spaces 
In order to apply Theorem 6.2 and Theorem 6.3 to [CP,, CP,] we must determine the 
ring KU(CPJ, the operations 1’ and the bundles involved in the theorems of section 6 as 
elements of KU(CP,). 
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The spectral sequence of Atiyah and Hirzebruch [3] easily yields a complete deter- 
mination of KU(CPJ. This has been done in various sources (e.g. Adams [l]). 
Let H, denote the Hopf bundle over CP,, let h, = H. - 1 be its reduction (i.e. h, is 
in I?U(CP,)). Then 
KU(CP,) = Z[h,]/(h;+‘) 
i.e. KU(CP,) is a polynomial algebra in h, over the integers truncated by the relation 
h”+l= 
n 0. 
We shall omit the subscripts and write h and H instead of h, and H,, Let trr =B - 1 
where R is the complex conjugate of H. Then since HR = 1, we have: 
h-l-fi+hf?=O 
and 
I;=_-&= -h(l - h + h2 - .*. + 11”). 
Let h + T; = X. Then hh = -x. Since self-conjugate elements of KU(CP,) can be expressed 
to be symmetric in h and h, they are always polynomials in x. It is easy to check that they 
are integral polynomials in x. Using the fact that x = h2(1 - h + h2 - a** + h”) we have: 
X n/2 = h” if n is even 
and 
x~“‘~’ = h”-’ - [n/2]h” if n is odd. 
So the self-conjugate elements of KU(CP,) form a subalgebra in one generator x, 
truncated by the relation ~r~/~l+r = 0. 
Since all elements in KU(CP,J are representable as linear combinations of complex 
line bundles, the 1’s can be determined using the multiplicative property of 1,. 
For any element [f] E [CP,, CP,,,] (nz L n), we must determine 
v(f) =f!r, - T”. 
v(f) depends only on the homotopy class of$ 
We already know that r, = (n + l)H, - 1 in KU(CP,). Let Hf denote the d-fold tensor 
product over the complex numbers of the complex line bundle H,, with itself. Let B, denote 
decomplexification of complex bundles (i.e. for any complex bundle <, S,t is the real 
underlying structure of 5). With notation as above we shall prove the following: 
THEOREM 7.1. Let f : CP,, + CP,,, be a continuous map with deg(f) = d. Then 
v(f) = 8,{(m + l)Ht - (n + 1)HJ. 
Proof. We must show that f ‘H,,, = Hi. Since the first Chern class classifies complex 
line bundles, it will suffice to prove that q(f ‘H,) = c,(H$. But 
c,(f’%J =f*c1(KJ = -f*(Y,) = -d*Y, = c,(H!) 
where Yn E H’(CP,; Z) is the distinguished generator. Q.E.D. 
We will now determine the exterior powers of the complexification of v(f). 
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Let Sd(xI, xJ be the polynomial in the identity 
(*) t’: + t; = &(a,, (r2) 
where g1 = t, + t, and o2 = t,t, are the elementary symmetric functions. 
Let Td(x) = S,(x + 2, 1) - 2. For small values of d we get for instance: 
T,(x) = x 
T2(x) =4x + x2 
T3(x) = 9x + 6x2 + x3. 
To see that T,(x) has constant term zero, we note that if x = 0 then S,(x + 2, 1) = 2. (This 
follows at once if we let in (*) t, = t, = 1.) Similarly if we let t, = q(x), t2 = l/q(x) and 
assume q(x) + q(x)-’ = 2 + x, then 
q(O) = 1; &(x)(1 - C&)-2) = 1 
and 
T;(x) = dq(x)d-‘q’(x) - dq(x)-d-‘cp’(x) = dq(x)d-‘q’(x)[l - &x)-‘~]= 
dq(x)“-‘&(x)(1 - (~(x)-~)(l + q(x)-’ + ... + q(~)-~~+~) = 
dq(x)d-l(l + ~p(x)-~ + .a. + ~p(x>-“~+~). 
Since q(O) = 1 we get 
T;(x),=, = d2. 
And so T,(x) = d2x + . . . (higher powers of x). 
With notation as above we have the following: 
LEMMA 7.1. If y = b,v( f) is the complexification of v(f) and f has degree d then 
I,(q) = (1 + tp-“) t (1 T,(x)ril(l +&)-‘-’ 
where x is the generator of the subalgebra of self-conjugate elements of KU(CP,,). 
ProoJ Using the fact that the complexification 8, is a homomorphism and the fact 
that the complexification of the underlying real bundle of a complex vector bundle P is 
P+P, weget: 
‘1 = 8,v(j) = fF,f?,{(m + l)Hd - (n + 1)H) = 
(m + l)b,b,ZP - (n + 1)6,6,H = (m + l)(P + Rd) - (II + l)(H + R). 
Since A, is multiplicative, and for a line bundle L we have A,(L) = 1 + tL, we get: 
/z,(q) = ((1 + tH”)(l + ti7d)}“+1((l + tH)(l + ta)}-n-i = 
(1 + t(Hd + Rd) + t2jm+l(l + t(H + R) + t2)-(n+l’. 
Since H-l =R we have: 
and 
H-d + R-” = Hd + Bd = S,(H + B, HR) = S,(x + 2, 1) = Td(x) + 2 
n,(q) = (1 + t(Td(X) + 2) + P)m+l(l + t(x + 2) + t2)-(“+1) = 
(1 +t) 2(m--n) 
t 
1 + 
g--T-z Td(X) Q.E.D. 
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$8. The spin representation 
In order to apply Theorem 6.3 we must begin with a bundle v(f) for which 
wl(v(f>) + wZ(v(j)) = 0. The condition w,(v(f>) = 0 is always fulfilled, because CP, is 
simply connected. Since the total Stiefel-Whitney class is a multiplicative function on 
KO(X) and w, = 0 identically for X = CP,, the second Stiefel-Whitney class w2 is an 
additive function, and so 
wz(W) = {4m + 1) - (n + wPY”* 
Here pyn is the mod 2 reduction of the generator yn of H’(CP,; Z). Therefore w2(v(f)) = 0 
if and only if (m + 1)d = II + 1 mod 2. That is if and only if 
(1) d even, n odd, m arbitrary 
or (2) d odd, m E n mod 2. 
If either (1) or (2) is satisfied we can apply Theorem 6.3 to get: 
THEOREM~.~. Zfd-Omod2andn~1mod2ord~lmod2andm~nmod2,and 
there exists an immersion 
f : CP, ---, CP, with deg(f) = d 
then 
is an integral polynomial in x. 
Note. Since the computation would remain unchanged if we replaced v(f) by v(f) + 1 
(for odd dimensional bundles a, = 2) the theorem remains valid for immersions 
f : CP,, + CP,,, x S’ where S’ is the l-sphere. 
If in Theorem 8.1 we let d = 0 (n odd) we get the following result, which is due to 
Sanderson and Schwarzenberger [8] : 
COROLLARY. Iff: CPn-+S2”f1 is an immersion, n odd then m 2 2n - cc(n). 
Proof. If we let d = 0, (*) becomes 
ll+1 
with xz= 0. 
II-1 
The coefficient of xqis +2”-“2-‘“-” z ( > 
n-l 
It is a standard fact in number theory that the highest power of 2 dividing a binomial 
coefficient a+b 
( 1 a 
is 2”(a)+a(b)-a(a+b) where I@) is the number of l’s in the dyadic ex- 
pansion of k. Hence we must have: 
m-2n+l+cr(n-l)=m-2n+a(n) 20. Q.E.D. 
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If we want to obtain numerical results for df 0 the condition (*) of Theorem 8.1 leads 
us to considering the polynomial P,(X) = 4 + T&X). We may write: 
P,(x)=yd+y-d+2 
where y is an appropriate function of x such that y + y-r = x + 2. 
If y = CI is a zero of y” + ymd + 2, then x = /I = M + c~-i - 2 is a zero of PJx). The 
(Zk-l)ni 
equation yd + yed + 2 = 0 is equivalent to yd + 1 = 0. Let yk = ed be the d distinct 
roots of this equation. Then 
xk = e(2k - 1 K/d + e (2(d--k+ l)- l)ni/d _ 2 
where k = 1, 2, . . . , d; are all the zeros of Pd(x). 
Note that x, = Xd-k+r. Thus the roots of Pd(x) are all double except for the root x, 
if k=d-k+ 1, i.e. d=2k- 1. If an integral polynomial is a square, it is a square of 
another integral polynomial and hence pd(x) is a square in Z[x] whenever d is even. 
Let d = 2”(2k - 1) and set d’ = 2”. Then, for j = 0, 1, . . . ,2” - 1, the zero of P,(X) 
denoted by xk+j(2k_lj coincides with the zero of Pd.(x’) denoted by xJ+i. We can there- 
fore write 
Pd(x) = Pd’(X>{Q(X>}2 
where Q(x) is a polynomial of degree 2”(k - 1) over Z,t with constant term 1 (this is SO 
because the constant term of Pd(x) is 4 for any d). 
Using the fact that polynomials with constant term equal to 1 are invertible in truncated 
polynomial rings, the Theorem 8.1 yields: 
THEOREM 8.2. With conditions on n, d and m as in Theorem 8.1, iff : CP,, -+ CP,,, with 
deg(f) = d = 2”(2k - 1) is an immersion, the expression 
2m-.(ipd,(x))?( 1 + z)-F with -J@J+l = 0 
must be an integral polynomial. Here d’ = 2”. 
We are thus reduced to the case where d is a power of 2. We get 
THEOREM 8.3. If d = 0 mod 4 (n odd) and there exists an immersion 
f:CP,-+CP, with deg(f) = d 
then m 2 2n - cc(n). 
Proof. We shall give the proof for a more restrictive divisibility condition-let 
d = 2”(2k - 1) and 2” > n. Using Theorem 8.2 we can consider d = 2”. Since d is even 
(2” > n) Pd(x) is a square in Z[x]. Say Pd(x) = [Rd(x)]‘. 
Computing modulo 2 we get: 
R,(X2) = Pd(X) = yd + y-d = (y + y-i)d = (x + 2)d = xd 
t That [Q(x)]2 is an integral polynomial follows from the factoring: 
(rd + Y-d + 2)(a - (a - l)(yd + y-d) + (a - 2)(r2d + y-2d) - . . . + (p--l)d + y-(a-l)d)) = 
= yad + y-ad + 2 whenever a is odd. 
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&f(x) = T + (...... + 1) 
(polynomial with integral coefficients). 
Ifd>n,thenir i Ll + 1 and so xdJ2 = 0 and t R,,(x) is integral. Therefore, for 
d’ > n the integrality of the expression in Theorem 8.2 
2”-$P*&)7 1 
is equivalent to the integrality of 
+- *4)-? =2m-n(;Rd,(x))““(1 + j-7 
2*-n 1+x_ -q ( > 4 
and the theorem follows as in proof of corollary to Theorem 8.1. 
For odd degree d’ = 1 and PI(x) = x + 4. In this case Theorem 8.2 requires integrality 
of 
This is always satisfied because rn - n = 0 mod 2. 
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